This paper studies previously developed nonlinear Hilbert adjoint operator theory from a variational point of view and provides a formal justification for the use of Hamiltonian extensions via Glteaux differentials. The primary motivation is its use in characterizing singular values of nonlinear operators, and in particular, the Hankel operator and its relationship to the state space notion of nonlinear balanced realizations.
Introduction
Adjoint operators play an important role in linear control systems theory. They provide a duality between inputs and outputs of linear systems. The properties with respect to input, e.g. controllability and stabilizability, directly reduce to the dual results with respect to output, observability and detectability. Consider a linear operator (transfer function) Z(s) : E . + F with Hilbert spaces E and F . Then its adjoint operator C'(s) : F' + E' is isomorphic to CT(-s) : F -+ E . The adjoint can be easily described by a state-space realization if the operator C(s) has a finite dimensional state-space realization. In this paper we study the nonlineat extension of such adjoint operators, and apply the results to Hankel theory.
Nonlinear adjoint operators can be found in the mathematics literature, e.g. [I] , and they are expected to play an important role in the nonlinear control systems theory. So called nonlinear Hilbert adjoint operators are introduced in [6, 111 as a special class of nonlinear adjoint operators. The existence of such operators in an input-output sense was shown in [7] , but their state-space realizations are only preliminary available in 151, where the main interest is the Hilbert adjoint extension with an emphasis on the use of port-controlled Hamiltonian system methods.
Here, we consider adjoint operators from a variational point of view and provide a formal justification for the use of Hamiltonian extensions via Giiteaux differentials. We investigate whether one can use their state-space realizations to characterize singular values of nonlinear operators, &d in particular, the Hankel operator. We also consider the relation to the previously defined singular value functions that have been defined entirely from the controllability and observability functions corresponding to a state space representation of a nonlinear system [ 
101.
In Section 2 we present the linear system case as a paradigm, in order to motivate the line of thinking for the nonlinear case.
In Section 3 state-space realizations of nonlinear adjoint operators are introduced in terms of Hamiltonian extensions. In Section 4 a formal justification of the use of Hamiltonian extensions for nonlinear adjoint systems is provided. In Section 5 we concentrate on the Hankel operator, and correspondingly on the controllability and observability operators for noniinear systems. Then, in Section 6, we extend some results of the linear case on singular values, see e.g. [ 121, and their relation to the Hankel operator to the nonlinear case by using the state space realizations for adjoint systems as given in Section 3. Finally, we summarize our conclusions.
Linear systems as a paradigm
This section outlines the way linear adjoint operators play an important role in the linear systems theory, see e.g. [ 
121.
The material is presented here in a way that clarifies the line of thinking in the nonlinear case. Consider a causal linear input-output system y = C ( u ) : CO) with There also exists a relation between adjoint operators and port-controlled Hamiltonian systems, as has been established in [5] . Instead of the interpretation in terms of the Gateaux differential of the norm (see the next section), the interpretation is more general, and can be given in terms of the Hilbert adjoint and the inner product. Despite this more general interpretation for the port-controlled case, we only consider here the Hamiltonian extensions as defined in [2], since we then have explicit solutions for the "dual" coordinates p of the system. Much more can be said about port-controlled Hamiltonian systems, however, that falls beyond the scope of this paper, and we refer to [5] for more details.
Gateaux differentiation of dynamical systems
This section develops the concept of Giiteaux differentials for dynamical systems from an input-output point of view. It is not only important for understanding the meaning of the Hamiltonian extensions and adjoint systems but Gsteaux differentials of Hankel operators also play an important role in the analysis of the properties of Hankel operators, which is the topic of Section 5 and 6. To this end, we state the definition of Gateaux differentials. We write dT ( x ) (5) for the Gciteaux differential of T at x in the "direction" 5.
There is also a chain rule for the Giiteaux differential, i.e., the differential of a composition is given by the following equation:
d ( T o W 4 ( 5 ) = dT(S(x))(dS(x)(5)) (16)
Perhaps more well-known than the Gateaux differential is the Frechet derivative. Frechet differentiation is a special case of Gateaux differentiation, although in the cases where we use it, they are in fact equal. Since the directional notation of Gateaux differentiation is more suitable for our framework, we use the Gateaux differential. 
where yv is the output of system (12). Then it follows that with the vuriutionul system Z, given in (12) .
In order to prove Theorem 4.2 the following property of variational systems is needed. 
Lemma4.3 [2] Let (x(t,E),u(t,&),y(t,E)), t E [u,b] be U fumily of state-input-output trajectories of C, pnrumeterized by&, suchthatx(t,O)=x(t), u(t,O)=u(t)undy(t,O)=y(t),

Then we have
The Hamiltonian extension Ca also has a relation with Giiteaux differentiation and provides a justification for the fact that it is called the adjoint form of the variational system in [2] . 
The Hankel operator and its derivative
This section gives state-space realizations for nonlinear Hilbert adjoints of various operators, and relates it to singular value analysis of energy functions and operators, i.e., the Hankel operator. We only consider time-invariant input-affine nonlinear systems without direct feed-through in the form of 
c(rl)Eq(t,tO)(u), t > t o ,
{ 0 t E R + *
F-(u)(t) :=
These are natural generalizations of (2) and (3).
One can employ state-space systems to describe the observability and controllability operators which are operators of R" -+ L$ and LT -+ R", specifically:
with 3-CO) = 0. Furthermore the Hankel operator 3-12 : 
d3-1x(u) (uv) = d@~(Cx(u))(dCx (U) (uv)). (28)
The state-space realizations of the GLteaux differentiations 
--a ( f ( x ) + g ( x ) F -( u ) )
The proof of this theorem is obtained by applying the adjoint Hamiltonian extensions of Section 3, and using techniques from [5] .
Energy functions and singular values
In order to proceed, first consider the following energy functions: These functions are closely related to the observability and
The function $(xo) can always be rewritten by $ ( A ! ) = Q(xo) xo using a square symmetric matrix e($). This matnix coincides with the observability Gramian in the linear case.
In the controllability case, there does not hold such a simple relation as in the observability case. From equation (35) it does follow that with CA : R" + LT(sZ+), which is the pseudo-inverse of Cz defined by Now, we can state the result from [6, 7] that relates the singular value functions to the Hankel operator: The above result is quite limited in the sense that it is dependent on the coordinate frame in which the sysrem is in input-normal/output-diagonal form. We now give a more general relationship between the singular value functions and the Hankel operator. The idea is to give an extension of the linear result of Lemma 2.1 inspired by the proof of the latter lemma as given in [12] . To this effect, we consider the G2teaux differential of the Hankel operator output in the following way and consider the eigenstructure of the operator
where h(u) is an eigenvalue depending on eigenvector U.
However, since we want to relate it to the notion of singular value functions, and thus would like to have the eigenvalue be dependent on xo, we need an additional step. We propose F+(gT(T)p) . Thus, Remark6. 5 The above theorem applied to a linear system yields M,(y(xo))-' = P, where P is the controllability Gramian, and %(xo) = exo, where Q is the observability Gramian. Hence, the above theorem can be seen as a nonlinear extension of the proof of Lemma 2.1 of [ 121 By taking xo to be an eigenvector of the above operator, we obtain the relation (42). Observe that the 6(xo)'s do not equal the singular value functions as defined in Theorem 6.2. However, we are able to relate the eigenvalues of the above theorem to the singular value functions in the following way. f o r j = 1,. . .,n.
Proof: Note that a n d t h e n p l u g i n z l = . -. = z j -~ = z j + l = . --= z n = O . The result follows straightforwardly.
7 Conclusions
We studied the use of Hamiltonian extensions for nonlinear adjoint systems. We formalized the basic concepts and then applied them to study the singular values of a nonlinear Hankel operator. In our future research, we will use these results to establish more direct relations between state space notions stemming from energy functions and input-output notions like the Hankel operator.
